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Traffic of the Future

information,
control

reliable,
comfortable ¢

= Needs data and communication to assess and control system status
= Needs mathematics to find smart solutions

Sahin | Traffic Optimization I | CO@W 2020 2



Planning Problems in Public Transit
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Service Design

(@ 690 s abetsberg - Amster, Johannes-Kepler-Platz

Weitere Fahrausweise erhalten Sie in unseren Bussen und StraBenbahnen
an den Automaten im ersten Wagenzug,

Tarifbereich

Tarif ab 1.4.2004 fir Potsdam und Umland (ohne Stadt Berlin)

Operational Planning

Operations Control

5E H% AR OE%

Passenger Information
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Vehicle Rotation Planning is a Crucial Part of the Production

Planning Process

DB| BAHN
Slide of DB

—

B Market research
B Demand forecast

Customer

B Passenger counting

Marketing

— =

Train Path Planning

— =

Vehicle Rotation Planning

— =

Maintenance Planning

— =

Train Preparation Planning

~ =
Staff Planning

Which connections correspond best to demand?
What capacity is needed?
What kind of product should be offered?

How can customer-friendly time tables be realised
How can conflicts with other trains be avoided?

How can vehicles be employed efficiently?

How can plans be made maintenance friendly and
robust?

How can maintenance capacity be used most
efficiently

How can the availability of vehicles be maximised?

How can vehicles be stabled, shunted, catered,
cleaned etc. between maintenance and commercial
service?

B Attractive timetable

B Reliability Customer
B High product quality

DB Bahn Fernverkehr AG | Fahrplan und Zugfahrt | 4th of July 2013

How can shifts be planned staff friendly?

How can high productivity of personnel be
obtained?




IVU.suite for Buses and Rail Transport

PLANNING DISPATCH

IVU.plan IVU.vehicle

Timetable planning, Vehicle dispatch
vehicle working and
duty scheduling

IVU.pool IVU.crew

Data integration Personnel dispatch

FLEET TICKETING
MANAGEMENT

IVU.fleet IVU.fare

Traffic control Background system
centre

IVU.cockpit IVU.ticket

On-board computer Ticket sales and e-
software ticketing

IVU.box IVU.validator

On-hoard computer E-ticketing
hardware terminal

TRAFFIC
TECHNOLOGIES
AG

PASSENGER ACCOUNTING
INFORMATION

IVU.realtime IVU.control

Dynamic passenger Performance
infoermation assessment and
statistics

IVU.journey

Consistent journey
planning

Slide of IVU
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Workflow Oriented and Integrated Optimization:
How fast business processes can follow IT?

Slide of LSB

Planning | | Control

Crew Management Process I}

Pairing Crew Hotel, DH, PickUp, Pairing & Roster Crew Trackin
Generation Assignment Administration Maintenance 9

Integrated Optimization Integrated Recovery

of the Ressource of
Aircraft and Crew Aircraft and Crew

Maintenance Tail Maintenance Flight Movement Hub
Planning Assignment Control Dispatch Control Control
Operations Management Process I}

Planning | A Control

29 Sep 2005 SatimilAtiafiiOyithizatorew] CO@W 2020
Chart 6 ‘ & Lufthansa Systems

Moving Your Business Ahead
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Planning Problems in Public Transit Universitest

Service Design

Uiniemsta Stadtveckehc
EOES0 muxe

@ 690 5 8abelsberg -~ Am Stern, Johannes-Kepler-Platz I

Weitere erhalten Sie in und
an den Automaten im ersten Wagenzug,

Tarif ab 1.4.2004 fiir Potsdam und Umland (chne Stadt Berlin)
Tarifbereich

'S e Lo Erohrgun &t

453 ) - fslslaio] 1) skl n] §TT 8 AISE R clals) 1)

| 423221 7
- | — | 7285 52 227 2B 423088 11:48
7555 S5 507 1B 423365 g
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Operational Planning

LE

Operations Control e IE

Detailansicht

an 15100

Passenger Information
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The Shortest Path Problem e s
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Shortest Path Problem

1 Def. (Single Source Shortest (st-)Path Problem (ShPP)): Let
G = (V,E,c) be a (un)directed graph on n nodes with edge weights
c € RE,, s,t € V two nodes, PL = P, the set of all st-paths in D.

minc(P),P € P;; shortet (st)-path problem (ShPP)

a) ShPP conservative :< c(C) = 0V (di)cycles C € E
b) ShPP metric :< ¢, + c,,v = ¢y Yuv, vw,uw € E (A-inequality)

) ShPP Euclidean :< c,, = |lu —v||, Vuv € E € R?

2 Obs. (Simplicity): A conservative ShPP has a simple optimal
solution (no node repetitions).

D
O ~ n®.
A-inequality simple/non-simple path
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Dijkstra's Algorithm

3 Alg. (Dijkstra's Algorithm, Dijkstra [1959]):

Input: ¢ = (V,E,c),s,t €V,c € RE, Output: P € Argmin c(P)
PEPg;

Data Structures: d € (RuU {+x})V, pred € (VU {nil})V,RcV ﬁ reached

dlv] « d|u] + cyy, R <« RU {v}, pred[v] « u_
endif
8. endwhile
9. output (¢, pred[t], pred?[t], ..., s or nil)

4 Prop. (Correctness and Run Time of Dijkstra's Algorithm):

Alg. 3 is correct and runs in O(nlogn + m).
Sahin | Traffic Optimization I | CO@W 2020 10

1. d[v] « 4+, pred|v] «nil Vv €V, d; « 0,R « {s} nodes
2. while R # (Z).do } 0(n X logn)
3. U < argming,cg d[v], R < R\ {u}
4. forall uv € E do o0(m)
. m
5. if dlu] + ¢, < d[v] then (amortized)
6.
/.




Shortest Path Problem
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Dijkstra's Algorithm
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IP Formulation of the ShPP

5 Def. (IP Formulation of the ShPP) Let D = (V,A,c) be a
directed graph, with arc weights c € R4,, s,t € V two nodes.

(ShPP) min c’x objective
(i) x(5+(v)) — x(c?‘(v)) =0 Vv +s,t flowconservation
(ii) x(6%(s)) =1 flow constraint
(iii) 0<x<1 bounds
(iv) x integer integrality
a) P"PP .= conv {yp:P € P} st-path polytope

b) P"PP = conv {x € RE: (ShPP) (i) — (iv)} = ShPP polytope
c) PPRPP = conv {x € RE: (ShPP)(i) — (iii)} ShPP LP-relaxation

6 Prop. (Path Polytopes) pShPP — pShPP s in general not true, but

pphPP = pSRPP. Aremin cTx contains a path for conservative c. Proof:

ShPP

PSPP allows subtours, PP describes a flow. O

Sahin | Traffic Optimization I | CO@W 2020 13
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Dijkstra's Algorithm — A* — Superoptimal Wind [SSEsts

TXL-DXB

5 ) 2016 Google
us Dap! of.State Geogvuphov

Data SIO, NOAA, U. S\'Nuvy"NGA GéBCO

Image Lunduu(

,.ﬁ —
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Flight Planning o
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2016-07-25.LSY.VOLAR 3D (Hoang).pdf

Taipei — New York
Boeing B777-300ER, 25 April 2017, great circle distance 12.565 km Universitesi

= The green trajectory takes better advantage of the strong jet stream (~300 km/h).
= Jtis worth to take a long detour.

= Besides saving fuel and time, the new route saves
overflight fees by avoiding the expensive
airspaces of Canada and Japan.

Min Cost Track
Min Fuel Track

using using
old new
heuristic J dynamic
search search

GAIN

space space
reduction J reduction

Sl 13,355
il 14:40 0:45
fuel burn 95.524 5?7685:
(ko) 17
sy R
fﬁst?);f sl 76.453 5335

* based on: fuel price 500 USD / ton, flight time costs: 1400 USD / hour
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Constrained Shortest Path Problem e s

5 Def. (IP Formulation of the Constrained ShPP (CSP)): Let
D = (V,A4,c) be a directed graph, with arc weights c € R%,, s,t €V
two nodes, Ax < b some linear constraints.

(CSP) min c’ x objective
(i) x(5+(v)) — x(5_(v)) =0 Vv#s,t flowconservation
(ii) x(6%(s)) =1 flow constraint
(iii) 0<x<1 bounds
(iv) Ax < b path constraints
(v) x integer integrality

a) P“P:=conv{yp:P € Py, Axp <b} const. st-path polytope
b) PSP := conv {x € RE: (ShPP) (i) — (v)} CSP polytope
c) P5F = conv {x € RE:(ShPP)(i) — (iv)} CSP LP-relaxation

6 Obs. (CSP): Pt c peSP c pSsP: equality does in general not
hold. The CSP is NP-hard.

Sahin | Traffic Optimization I | CO@W 2020 17
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IP Formulation of the Constrained ShPP e s

5 Def. (IP Formulation of the Constrained ShPP (CSP)): Let
D = (V,A4,c) be a directed graph, with arc weights c € R%,, s,t €V
two nodes, Ax < b some linear constraints.

(CSP) min c’ x objective
(i) x(5+(v)) — x(5_(v)) =0 Vv#s,t flowconservation
(ii) x(6%(s)) =1 flow constraint
(iii) 0<x<1 bounds
(iv) Ax < b path constraints
(v) x integer integrality

6 Obs. (CSP): PP c ptSP c pSSP: equality does in general not
hold. The CSP is NP-hard. Proof: Solves knapsack problem min ¢’ x,

a’x < b,x € {0,1}™: Cyp = 0,a,, =0
b .dbrdaD
Cuv = Ci, Aypy = Q4 L]
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Constrained Shortest Path Problem e s

5 Def. (IP Formulation of the Constrained ShPP (CSP)): Let
D = (V,A4,c) be a directed graph, with arc weights c € R%,, s,t €V
two nodes, Ax < b some linear constraints.

(CSP) min c’ x objective
(i) x(5+(v)) — x(5_(v)) =0 Vv#s,t flowconservation
(ii) x(6%(s)) =1 flow constraint
(iii) 0<x<1 bounds
(iv) Ax < b path constraints
(v) x integer integrality

a) P“P:=conv{yp:P € Py, Axp <b} const. st-path polytope
b) PSP := conv {x € RE: (ShPP) (i) — (v)} CSP polytope

c) P5F = conv{x € RE: (ShPP)(i) — (iv)} CSP LP-relaxation
6 Obs. (CSP): Pt c peSP c pSsP: equality does in general not
hold. The CSP is NP-hard, even for acyclic digraphs and ¢ > 0.

Sahin | Traffic Optimization I | CO@W 2020 19




(Acyclic) Constrained Shortest Path Problem

8 Def. (Acyclic Constrained Shortest Path Problem (ACSP)): A
CSP on a acyclic digraph is acylic.

9 Obs. (Topological Sorting): The nodes of an acyclic digraph D =
(V,A) can be topologically sorted s.t. uv € A = u < v.

7 Ex. (ACSP):

(P) min ¢’ y(p), a’y(p) = 6
PEP1o g ),
—~

—Ax < —-b

1< -+ <9sorts V = [9] topologically.

Sahin | Traffic Optimization I | CO@W 2020 20



(Acyclic) Constrained Shortest Path Problem

0|1 110
7 Ex. (ACSP):
(P) min ¢ "x(), a"x(p) = 6 210
[% 19 u Y, Cla
Y
—Ax < —b 5|0
4|4 5|5
v, 0 1 2 3 4 5 6 7 8 9 10
1 0
2 \‘Q
3 l 1
4 2
5 1 4
6 l 4\7
- (
8 5; T=8==11+

w7 —49—» 10 —=T3—*16
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(Acyclic) Constrained Shortest Path Problem

7 Ex. (ACSP):

(P) min ¢’ y(p), a"x(p) = 6
PEP;9
_ /
Y

—Ax < —b

Cor. (Pseudopolynomial Solution of the ACSP): The ACSP can
be solved in pseudopolynomial time of O(I];|A4;.]; max§*(v) + m),
and if A,b = 0, in O(T]|bj| max 8™ (v) + m).

Proof: Sort D topologically in linear time of 0(m), then fill the
dynamic programming table in O(];|A;.|; max §* (v)).

Sahin | Traffic Optimization I | CO@W 2020 22
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Lagrange Relaxation Universitest

3.1 Def. (Lagrange(an) Relaxation): Let c € R"*, D € R™",d €
R™, X € R™ closed, and consider the optimization problem

(P) min c'x
Dx =d complicated/ing
x€eX tractable.

Let A € R™ a vector of Lagrange multipliers.

a) LBx=d(}) = mel)r(lc Tx —AT'(Dx —d) € RU {+o0}

Lagrange relaxation (of (P)) (w.r.t. Dx =d) at 4
b) L2*=4: R™ - RU {4}, 1+ mlnc x — AT (Dx — d)
Lagrange function (of (P)) (w r.t. Dx = d)

Notation: If (P), Dx = d are clear, we write L instead of LB*=4 etc.

Sahin | Traffic Optimization I | CO@W 2020 23
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Lagrange Relaxation Universitest

3.2 Thm. (Properties of the Lagrange Relaxation, Geoffrion
[1974]) Let (P) as in Def. 3.1 and

v(P) =minclx, Dx =d, x €X € RU {+o0}.
a) supL(d) <v(P)
A

b) LetX ={Ax > b}, XN {Dx =d} # @ for A € R**" b € R™. Then
max L2*¥=2(Q) = v(P)

c) LetX={Ax=>b}INnZ",XNn{Dx =d}# @ for A € R**" b € R",

Then min c¢Tx < maxI2*=%(1) < v(P)
Dx=d,Ax=b A

finite set
polytope
Then L is i) concave, ii) piecewise affine, iii) bounded from
above.

d) LetXbea{ },Xn{szd}:t(Z).

Sahin | Traffic Optimization I | CO@W 2020 24
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Lagrange Relaxation Universitest

3.2 Thm. (Properties of the Lagrange Relaxation, Geoffrion
[1974]) Let (P) as in Def. 3.1 and

v(P) =minclx, Dx =d, x €X € RU {+o0}.

a) sgp L(A) <v(P)

Proof:

a) L(A) =min(c’ —A'D)x + ATd < min c'x — AT (Dx — d) = v(P)
xeX XEX
Dx=d
= 0

Sahin | Traffic Optimization I | CO@W 2020 25
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Lagrange Relaxation Universitest

3.2 Thm. (Properties of the Lagrange Relaxation, Geoffrion
[1974]) b) Let X = {Ax > b}, X N {Dx = d} # @ for A € R¥*", b € R".

Proof: b)
v(P) =

DT

max L(A) =v(P).

min  c¢’x = max ATd + u”b
Dx =d Duality A'D +ufd=c"
Ax=b  Thm. u=0

max A'd + max ul'b

A u ufA=c"-2aTD
u=0
max Al'd + min (¢ —ATD)x

A Ax =D

Sahin | Traffic Optimization I | CO@W 2020 26
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Lagrange Relaxation

3.2 Thm. (Properties of the Lagrange Relaxation, Geoffrion
[1974]) Let (P) as in Def. 3.1 and

v(P) =minclx, Dx =d, x €X € RU {+o0}.
) LetX={Ax=>b}NZ" X Nn{Dx =d} # ¢ for A € R**" b € R".

Then min ¢Tx < maxI2*=%(1) < v(P)
Dx=d,Ax=b A

Proof:
c) Follows from a) and b).

Sahin | Traffic Optimization I | CO@W 2020 27
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Lagrange Relaxation Universitest

3.2 Thm. (Properties of the Lagrange Relaxation, Geoffrion
[1974]) Let (P) as in Def. 3.1 and

v(P) =minclx, Dx =d, x €X € RU {+o0}.

d) Let X be a {ﬁmte set}’
polytope

piecewise affine, iii) bounded from above.

N{Dx =d} # @. Then L is i) concave, ii)

Proof:

X1y o) X
d) Let X be a {Conv (x1, ---,xk}}' Then

i (T AT T — Too — AT P\, o+ 3T
L(/D—I;lel)r(l(cx A'D)x +A1'd = min (c\xl )LD)xl+7Lg

i=1,..k ~
g affineind
g
concave

<v(P) <oas Xisbounded and {Dx =d}nX = @. O
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Lagrange Relaxation (Inequality Version) Universitest

3.3 Cor. (Lagrange(an) Relaxation): Let c e R*, D € R™",d €
R™, X € R™ closed, and consider the optimization problem

(P) min c'x
Dx > d complicated/ing (standard form)
x€X tractable.

Let 1 € RT}, a vector of Lagrange multipliers.
a) LB*¥=d(}) = niei)rg(cT —A'D)x +ATd € RU {£+x}
X

Lagrange relaxation (of (P)) (w.r.t. Dx >d) at A

b) 13*=4; R™ - RU{tw}, 1~ xme”;( (cT = ATD)x + ATd

Lagrange function (of (P)) (w.r.t. Dx > d)
Proof: Ex. OJ

Sahin | Traffic Optimization I | CO@W 2020 29
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Subgradient Optimization Universitesi

3.4 Def. (Subgradient, Subdifferential): Let /: R" - R be
concave, 4, € R™.

a) u€eR™ fO)<f(A)+u(A—-21,) VAER"
u subgradient of f at 4,

b) df(4y) == {u € R™:u subgradient of f at 4,}
subdifferential of f at 4,

3.5 Prop. (Sufficient Optimality Condition): Let f: R™ - R be
concave, 1, € R™. Then 0 € df (1y) = f(1y) = max f.

Proof: Ex. O

3.6 Prop. (Diff'able Case): Let f: R™ — R be concave and diff'able
Proof: Ex. [

Sahin | Traffic Optimization I | CO@W 2020 30
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SU bg I‘adient Opt|m|zat|0n Universitesi

3.7 Prop. (Polyhedral Case): Let f = L be a Lagrange function (as

. X1y oo X
in Def. 3.1) and let X = {Conv (x1, ___’xk}}. Then

0f (Ap) = conv{—(Dx; — d): x; € Argmin f(4y)}.
Proof:
Let 1, € R", X(4y) == Argmin f(Ay), u; = —(Dx; —d),i =1, ..., k.
2" Vx; € X(10) holds

o) +u] (A= Ao) = Ty — M Dagr—d} — (Dx; — d) (A —A5)

~N ~
T
= f(4o) — Y
=c'x; — A" (Dx; — d)

> min c’x; — AT (Dx; — d)
i=1,...k

= f(4o).

Sahin | Traffic Optimization I | CO@W 2020 31
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Subgradient Optimization Universitesi

3.7 Prop. (Polyhedral Case): Let f = L be a Lagrange function (as
in Def. 3.1) and let X = { L Lk } Then

conv {xq, ..., Xp }

df (Ag) = conv{—(Dx; —d): x; € Argmin f (1)}

Proof:
Let 1, € R", X(4y) == Argmin f(Ay), u; = —(Dx; —d),i =1, ..., k.
"n—u, . T o T o
c. Xig(l(rio)c x; —Ag(Dx; —d) > f(4)
= 3e>0: min c'x;—AT(Dx; —d) > f(1) VA€ U.(1p)
xi€X(Ap)

— X(1) S X(A) VA E U.(Ao).
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Subgradient Optimization Universitesi

3.7 Prop. (Polyhedral Case): Let f = L be a Lagrange function (as

. X1y oo X
in Def. 3.1) and let X = {Conv (x1, ___’xk}}. Then

0f (Ap) = conv{—(Dx; — d): x; € Argmin f(4y)}.
Proof:
Let 1, € R", X(4y) == Argmin f(Ay), u; = —(Dx; —d),i =1, ..., k.
"S 3e>0:X(A) EX(A)VAE U (Ag).Let u & conv{u;:x; € X(Ap)}
= It e R™:nlu <nfu; Vx; € X(1,) (by sep. hyperplane Thm.)
= f(lp+emr) = min ¢ xl — (Ao + em)T(Dx; — 69

*ie¥ (o ~
=4 D X + €m) = M (Dx; —d) + enTuy;
T
= f(1y) + lg}l(l(r)llo) €M U;

> f(1g) + enTu
= f(Ao) + uT(AO + €T — /10)/ D
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Subgradient Algorithm
3.8 Alg. (Subgradient Algorithm):

Input: fR™->R concave (by func. & subgrad. oracle)

Ao E R™ starting point

(g ) =g > 0" sequence of step lengths

Output: (1;);-; € (R™)* iterates

Data St.: k e N, iteration counter
(ux)r=1 € (R™)*  sequence of subgradients

.

Uk

1. k(—O, uo(gaf(lo)

2. Aiyr & At oy, Uprq € 0f (M), k< k+1

3. goto 2 A
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Convergence of the Subgradient Algorithm Universitest

3.9 Thm. (Convergence of the Subgradient Algorithm): Let
f:R™ - R be concave and

a) f*=maxf <o (in particular, the maximum exists)

b) |lull,<L vueaf forsomelL eR A
O
C) XRlo@i <, Xi_oap — . L
Uk
Then lim max f(A) = f".
k—oo j= /1](

Proof: Let A* € Argmin f. Then

A1 — A7) , = [k + aru — A7,

< fl) = f7
A

Y - N 2 2
= || — 2] , + 2a,u, (A, — A7) +C¥k||uk||2
2

Ao = A1|, — 5-(=1 2ap(f* = fF(A)) + Zﬁl “’%“uk”z

IA
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Convergence of the Subgradient Algorithm Universitest

3.9 Thm. (Convergence of the Subgradient Algorithm): Let
f:R™ - R be concave s.t. @) f* = max f < co b) 3L € R: |[ul[, < L

Vu € 0f C) Yrroaf < oo, ¥, ay — . Then max f(4)—f".
j=1,..,

Proof: Let 1* € Argmin f. Then

[ A1 — A*]

= || = A7)

< |l12g = A']

w112
= A = 21|, + By 20

SN

2
5 — Ak+akuk—l*|

2 A

2 =f)—f"

k—>o0

a I

2

2
2

(F = F(3)) = 120 - 2]

e — A+ 5K 205 (7 = F(1)) < 120 — 2°)

= f* —jrznlﬁfkf(/lj) < (||/10 — 17|

+ 20w, (A — A%) + aip|lug|

2
2

) 2
2 ?=1 Z“j(f _f(/lj)) + Z?=1 aj |uk||2

S S |l |

z + Z§§=1 a}%llukllz

2 2
T atllwl]))/25k ;> 0.0
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Lagrange Relaxation
3.10 Ex. (Lagrange Relaxation)

(P) min c" x(p), w"x(p) = 6

PEP19

\\/ — ~ _/

X Dx =>d
14 nodes | c(p) | w(p) | w(p)—6 c(p) — A(w(p) — 6)
P4 12369 4 1 -5 4 — A(—5) =4+5)
D 12569 7 3 -3 7 — A(=3) =7+321
D3 12589 10 6 0 10 — A0 = 10
Dy 14569 10 5 -1 10 — A(—1) =10+ 2
s 14589 13 8 2 13 —A(-1) =13 -22
De 14789 16 9 3 16 — A(3) =16 — 31
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3.10 Ex. (Lagrange Relaxation)

16 poee pe oo
15 .......... p6 ......... pl ........... pz
14 |-\ .............. ............. .....
13 3 . .
12
11
10

0 1 2 3

c(p) — A(w(p) —6)

P1
b2
P3
Pa
Ps
Pe

=4 + 52
=7+34
=10

=10+ 1
=13 -21
=16 —31
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3.10 Ex. (Lagrange Relaxation)

16 .............. ............. g
15 [\ p6 ......... p1 ........... Ep.z .........

14 |\ T LMo _—

13
12
11
10

0 1 2 3

p c(p) | wp)
...... by D, 4 1
.......................... pz 7 3
: P3 9 6
Da 10 5
D 16 9
ko |1]2]3]4 5 6
e | O | S |7 (| 2| % |Yhs
f| 4 |1 |"2| 89| 10 | 10
Pk | 1 |Ps | Ps | D5 | Ps D3 | D3
M) s 33 2]2]20]0
we | 5 |-3[-3]-2(-2| 20 |0
(04 1 1A 1/3 Va 1/5 1/6 1/7
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